We present a compact parametric representation of the smooth bright multisolution solutions for the modified Camassa-Holm (mCH) equation with cubic nonlinearity. We first transform the mCH equation to an associated mCH equation through a reciprocal transformation and then find a novel Bäcklund transformation between solutions of the associated mCH equation and a model equation for shallow-water waves (SWW) introduced by Ablowitz at al. We combine this result with the expressions of the multisoliton solutions for the SWW and modified Korteweg-de Vries equations to obtain the multisoliton solutions of the mCH equation. Subsequently, we investigate the properties of the one-and two-soliton solutions as well as the general multisoliton solutions. We show that the smoothness of the solutions is assured only if the amplitude parameters of solitons satisfy certain conditions. We also find that at a critical value of the parameter beyond which the solution becomes singular, the soliton solution exhibits a different feature from that of the peakon solution of the CH equation. Then, by performing an asymptotic analysis for large time, we obtain the formula for the phase shift and confirm the solitonic nature of the multisoliton solutions. Last, we use the Bäcklund transformation to derive an infinite number of conservation laws of the mCH equation.
I. INTRODUCTION
A modified Camassa-Holm (mCH) equation with cubic nonlinearity is a current interest in the theory of solitons. It may be written in the form
where u = u(x, t) is a real-valued function of time t and a spatial variable x, and the subscripts x and t appended to m and u denote partial differentiation. The mCH equation
was found independently by several researchers using a procedure that generates new integrable systems from known integrable bi-hamiltonian systems. 1−3 . It is well-known that the method yields the CH equation 4 when applied to the Korteweg-de Vries (KdV) equation whereas it yields Eq. (1.1) when applied to the modified KdV (mKdV) equation.
1−3
It also arises from the physical system like nonlinear water waves. 1, 5 Although a large number of works have been devoted to the CH equation, 6 the study of the mCH equation
is still under way. Specifically, a recent work by Qiao reveals that it admits W/M-shape peaked solitons unlike the peakon solutions of the CH equation. 5, 7 Quite recently, smooth dark soliton solutions of the integrable hierarchy including the mCH equation were obtained for the variable m using the inverse scattering transform (IST) method and the properties of the one-and two-soliton solutions were explored.
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The purpose of the present paper is to construct the bright N-soliton solutions of the mCH equation under the boundary condition u → u 0 as |x| → ∞, where N is an arbitrary positive integer and u 0 is a positive constant. We employ an exact method of solution which worked effectively for constructing the N-soliton solutions of the CH and
Degaperis-Procesi equations. 9−11 As a byproduct, an infinite number of conservation laws are produced in a simple manner without recourse to the IST.
The paper is organized as follows. In Sec. II, the mCH is transformed to an associated mCH equation by introducing a reciprocal transformation. We find a remarkable
Bäcklund transformation connecting solutions of the associated CH equation with those of a model equation for shallow-water waves (SWW equation for short) introduced by Ablowitz et al. 12 This allows us to obtain the parametric representation for the bright N-soliton solution of the mCH equation when coupled with the N-soliton solutions of the SWW and mKdV equations. In Sec. III, the properties of the one-and two soliton solutions are investigated in detail. In particular, we obtain a condition necessary for the existence of smooth solitons and show that there exists a critical value of the amplitude parameter of the soliton beyond which the solution becomes singular. Subsequently, the asymptotic behavior of the N-soliton solution is briefly discussed, whereby we derive the formula for the phase shift and confirm the solitonic behavior of the solution. In Sec. IV, an infinite number of conservation laws are derived simply through the Bäcklund transformation and their explicit expressions are presented for the first few members. Section V is devoted to concluding remarks.
II. CONSTRUCTION OF MULTISOLITON SOLUTIONS

A. Associated mCH equation
We first introduce a coordinate transformation (x, t) → (y, τ ) by
subjected to the restriction m > 0. Accordingly, the x and t derivatives can be rewritten
It then follows from (2.1b) that the variable x = x(y, τ ) satisfies a system of linear partial differential equations (PDEs)
We apply the transformation (2.1b) to the mCH equation and find that it can be recast into the form
The integrability condition x τ y = x yτ of the system (2.2) is satisfied automatically by virtue of Eq. (2.3). Using (2.3) and the relation u xx = m 2 u yy + mm y u y , the variable u(= m + u xx ) is expressed in terms of m as
Last, if we define the new variable p by p = 1/m and substitute u from (2.4) into (2.3),
we obtain a nonlinear PDE for p:
This evolution equation for p in the independent variables τ and y is the reciprocal transformation for the mCH equation. We call it the associated mCH equation.
B. Multisoliton solutions
The main result in this paper is given by the following theorem: 
where f and f ′ are tau-functions given by
) 
satisfy the nonlinear PDEs
14) 
The above equation is a constituent of the system of bilinear equations for the mKdV equation and hence the tau-functions f and f ′ from (2.8) and (2.9) solve Eq. (2.20).
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Proposition 2.2: Let
Then, Q and R are connected by the relation
23) under the transformation (2.18).
Proof: Substituting (2.18) into (2.21), one can recast Q into the form
On the other hand, integration of (2.22) with respect to y under the boundary condition
whereas a direct computation using (2.22) leads to
The relation (2.22) follows by introducing above two expressions into Q. Actually,
This completes the proof. 
where R 0 (τ ) is an integration constant. A slight modification of the relation for ∂ −1 y R derived in the proof of Proposition 2.2 gives
As confirmed easily by integrating (2.18) with respect to y and using (2.12), the integral We are now ready for proving Theorem 1.1.
Proof: First, referring to (2.2) and (2.11), one obtains
Integrating this relation with respect to y leads to
where d(τ ) is an integration constant. Differentiate the above expression by τ and use (2.2) to find the relation
This expression reduces, upon taking the limit y → ∞ and substituting the limiting It now follows by integrating Eq. (2.3) with respect to y and substituting p 2 from (2.18) into the resultant expression that
Last, substitution of (2.11) and (2.12) into the above expression yields
which is just (2.6).
III. PROPERTIES OF SOLUTIONS A. One-soliton solution
The tau-functions f and f ′ corresponding to the one-soliton solution are given by (2.8), (2.9) and (2.10) with N = 1. They read
1)
with ξ = k(y −cτ − y 0 ),c = 2u
where we have put ξ = ξ 1 , φ = φ 1 , k = k 1 and y 0 = y 10 for simplicity and set s = 0. We assume k > 0 hereafter.
The parametric representation of the one-soliton solution follows by introducing (3.1) and (3.2) into (2.6) and (2.7). It may be written in the form
and we have put
Note that c from (3.4d) is the velocity of the soliton in the (x, t) coordinate system. The smoothness of the soliton solution is assured by the condition m = 1/p > 0 (see (2.1a) and (2.1b)) which imposes certain restriction on the parameter α. To show this explicitly, we compute x y (= p) from (3.4b) and obtain
Recall that p is a dark soliton solution of the mKdV equation (2.14). The required condition is then found to be satisfied if 1/u 0 − 2kα/( √ 1 − α 2 + 1) > 0. Thus, the parameter α must lie in the interval One can see from (3.4a) and (3.4b) that the one-soliton solution represents a bright soliton on a constant background u = u 0 whose center position x c is located at x c = ct + x 0 + ξ 0 /(u 0 k) (ξ = ξ 0 ). In view of this observation, the amplitude of the soliton with respect to the background field, which we denote by A, amounts to
Eliminating the parameter α from (3.4d) and (3.7) leads to the amplitude-velocity relation of the soliton
The inequality (3.6) restricts possible values of c and A. Explicitly,
If the condition (3.6) is satisfied, then the one-soliton solution represents a smooth bright solitary wave travelling to the right with velocity c and amplitude A. As α increases, the amplitude grows and the width narrows. This observation is illustrated in Fig. 1 , To explore the feature of the solution in more detail, we shall investigate the profile of the soliton near its crest. To this end, we first derive the approximate expression of X from (3.4b). If we choose the phase parameter of the soliton appropriately such that ξ = ξ 0 corresponds to X = 0, then the power series expansion of X with respect to ξ − ξ 0 is found to be as
(3.10)
In particular, for α = √ 3/2, (3.10) reduces to
On the other hand, the expansion of u from (3.4a) reads
which simplifies to
when a = 2 (α = √ 3/2). Note that the coefficient of (ξ − ξ 0 ) 2 in the expansion (3.12) vanishes for this specific value of a. By inserting ξ − ξ 0 from (3.11) into (3.13), we find that the profile of the soliton near the crest is approximated by the expression
Thus, we can see that the smoothness of the solution is lost at the crest X = 0. More precisely, u has only a continuous first derivative near the crest and the nth derivative does not exists for n ≥ 2 at the crest. This novel feature is in striking contrast to the appearance of the singularity (or discontinuous first derivative at the crest) in the peakon solution which can be deduced from the smooth soliton solution of the CH equation through an appropriate limiting process.
18,19
B. Two-soliton solution
The tau-functions f and f ′ for the two-soliton solution can be written as
where
We investigate the asymptotic behavior of the two-soliton solution for large time and
show that it describes the elastic interaction of two bright solitons on a background field u = u 0 . To this end, let c i (i = 1, 2) be the velocity of the ithe soliton in the (x, t) coordinate system and assume that 0 < c 2 < c 1 . In addition, we impose the conditions 0 < u 0 k i < √ 3/2, (i = 1, 2) to assure the smoothness of the solution.
First, we take the limit t → −∞ with ξ 1 being fixed. In this limit, ξ 2 → −∞. Then, the leading-order asymptotics of the tau-functions are given by
It folows from (2.6) and (2.7), (3.16a), and (3.16b) that
In the limit t → +∞, on the other hand, ξ 2 → +∞. The expressions corresponding to (3.16a)-(3.17b) read
Let x ic be the center position of the ith soliton. Then, as t → −∞, we find As t → +∞, on the other hand, x 1c reads
The above analysis shows that the asymptotic state of the solution for large time is
represented by a superposition of two single solitons in the rest frame of reference. The net effect of the interaction between solitons is the phase shift, which we shall now evaluate.
To this end, we define the phase shift of the ith soliton by
Then, we see from (3.20) and (3.21) that the large soliton suffers a phase shift
Performing the similar asymptotic analysis for the small soliton, we obtain the formula for the phase shift. We quote only the final result.
The first term of the above formulas is the same as the phase shift arising from the interaction of two solitons for the KdV equation and the second term comes from the mapping (2.7).
A new feature appears due to this additional term. An inspection reveals that under the condition c 2 < c 1 (k 2 < k 1 ), ∆ 1 is always positive whereas ∆ 2 takes any sign depending on values of k 1 and k 2 . Specifically, there exists a critical curve along which ∆ 1 = ∆ 2 and beyond which ∆ 1 < ∆ 2 so that the small soliton exhibits a larger phase shift than that of the large soliton. It is interesting to observe that the formulas (3.23) and ( The interaction process of two solitons is illustrated in Fig. 3 for three values of time.
In this example, u 0 = 1, c 1 = 0. 
C. N-soliton solution
We discuss briefly the asymptotic behavior of the general N-soliton solution. First, we order the magnitude of the velocity of each soliton as 0 < c N < c N −1 < ... < c 1 and impose the conditions 0 < u 0 k i < √ 3/2, (i = 1, 2, ..., N). We take the limit t → −∞ with the coordinate ξ i of the ith soliton being fixed. Then, ξ 1 , ξ 2 , ..., ξ i−1 → +∞, and
The asymptotic forms of f and f ′ from (2.8) and (2.9) are found to be as
Substitution of (3.25a) and (3.25b) into (2.6) and (2.7) yields
In the limit t → +∞, on the other hand, ξ 1 , ξ 2 , ..., ξ i−1 → −∞, and ξ i+1 , ξ i+2 , ..., ξ N → +∞ and the expressions corresponding to (2.25) and (2.26) are given by
and
We can see that the asymptotic form of the N-soliton solution is a superposition of N single solitons each of which has the form given by (3.4) . The phase shift of the ith soliton can be derived from (3.26b) and (3.28b). It reads
In the special case of N = 2, the formulas (3.29) reduce to (3.23) and (3.24) . They clearly show that each soliton has pairwise interactions with other solitons, i.e., there are no many-particle collisions among solitons. This feature is common to that of the N-soliton solutions of integrable nonlinear PDEs. 
IV. CONSERVATION LAWS
where the conserved density w n and associated flux j n are polynomials of q and its yderivatives. We rewrite (4.1) in terms of the variables x and t by using (2.1). Substituting
Eq. (1.1) into the resultant equation, we obtain
It turns out that the quantities ψ, (4.4a)
where λ is a spectral parameter. If we put w = ψ y /ψ, we can rewrite (4.4) into the form
Thus, the quantity
as w = 1/(2ǫ) + ∞ n=1 ǫ n w n and substituting it into (4.5a), we obtain, after equating the coefficients of ǫ n , the recursion relation that determines w n w n+1 = w n,y − n−1 m=1 w n−m w m , (n ≥ 2), (4.6) with the initial conditions w 1 = q and w 2 = −q y . We quote a few conserved densities:
The quantity q from (2.18) can be rewritten in terms of m as
Last, substituting (4.7) with (4.8) into (4.3) and taking into account the relation ∂/∂y = m −1 ∂/∂x, we obtain a sequence of conservation laws of the mCH equation expressed in terms of the original spatial variable. We see that w n for even n takes the form of a perfect derivative (W n ) y and hence the quantity I n for even n vanishes identically.
Actually,
Hence, only the quantities I n for odd n survive. We can express the nontrivial conservation laws as I 2n+1 = n+1 m=0 ν nmĨm , where ν nm are constants depending on u 0 . The first four ofĨ n read as follows:
9a) In conclusion, we comment on a paper by Ivanov and Lyons. as |x| → ∞, they presented the explicit parametric representations of the one-and twosoliton solutions for the quantity m(= u − u xx ) which take the form of dark solitons.
See Fig. 1 in their paper, for example. However, the expression (37) for x is incorrect.
Actually, the sign of the first term on the right-hand side of (37) should be minus in place of plus. This discrepancy has been caused by an error in Eq. (32). Specifically, a factor e iky should read e −iky . The same error happened in Eq. 
